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Abstract
In this work, we consider a viscous boundary layer flow past a flat plate at a non-zero pressure gradient, for a viscoelastic
fluid governed by the FENE-P model. Assuming that the Reynolds number Re and the Weissenberg number He satisfy the
condition ReWe2  1, we will show that the stream function is modeled by a generalized Falkner–Skan equation. Intuitively,
this means that 1/He2 grows much faster than Re, that is Re = o(1/He2). Further, it is shown that this extended Falkner–Skan
equation can be reduced to the classical Falkner–Skan equation via a function transformation. Finally, a decomposition algorithm
is implemented for the numerical solution of the governing equation and an estimate of the skin friction coefficient is
obtained.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Viscous boundary layer flow past a flat plate at a non-zero pressure gradient for a viscoelastic fluid governed by
the finitely extensible nonlinear elastic–Petelin (FENE-P) model has been studied by several researchers; we refer
the reader to Agarwal and O’Regan [1], Olagunj [4], Asaithambi [2], and many other researchers [3,5,6], and the
references therein. Existence results for such boundary value problems on an infinite interval have been recently
established by Agarwal and O’Regan. In the study of fluid flows it is very important to estimate the skin friction
coefficient and its effect on the flow of the fluid. In Section 2, we model the equation subject to the condition
ReWe2x = o(1). We first show that the stream function is modelled by a generalized Falkner–Skan equation where the
streamwise coordinate exponent of the inviscid velocity m can be any nonnegative number such that 2mm+1 < 1. Then
we employ a function transformation to reduce the generalized Falkner–Skan equation to a classical Falkner–Scan
equation. In Section 3, we employ a decomposition technique to obtain the numerical solution of the governing
equation after transforming it on a finite interval and then estimating the skin friction coefficient.
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2. Problem formulation
For a FENE-P fluid, the flow is governed by the following generalized Falkner–Skan equation; see [4]:
(H f ′′)′ + f f ′′ + 2m
m + 1 [1− ( f
′)2] = 0 (2.1)
where f satisfies
Λg3( f ′′)2 + g − γ = 0 (2.2)
and subject to the following boundary conditions:
f (0) = fω, f ′(0) = 0, f ′(∞) = 1. (2.3)
Here fω is a constant that corresponds to blowing/injection or suction. Also, g = g(η) where η is the dimensionless
variable, γ = b3+b where b is the extensibility parameter, and
Λ = (m + 1)E
(3+ b) (2.4)
where the parameter E is given by
E ≡ We2xRex . (2.5)
The constantWex is the well-known Weissenberg number which is the measure of the fluid elasticity and is defined by
We = λU∞L where U∞ is a characteristic velocity and L is a characteristic length. Further, Re = U∞Lν is the Reynolds
number where ν is the kinematic viscosity.
In this study we consider the case where
E ≡ We2xRex =
λ2U3∞
Lν
 1, (2.6)
where ν is very large for viscous fluids and the characteristic velocity, U∞, is very small and dies at the end for very
large L . It is worth mentioning that E can be very small if at least one of the Weissenberg number, We, and Reynolds
number, Re, is small or both are small.
The variable H in Eq. (2.1) is given by
H = 1− β + βg (2.7)
where β is the retardation parameter.
Note from Eq. (2.4) that Λ→ 0 if either E → 0 or b→∞. Consequently, these two cases lead to:
Case 1. b → ∞: this implies Λ = 0 and the solution to Eq. (2.2) is g = 1 and thus H = 1. Therefore Eq. (2.1)
reduces to a Falkner–Skan equation.
Case 2. E → 0: this leads to Λ = 0 and so g = g(η) = γ . This implies that g(η) is a constant and consequently
H is constant. The physical interpretation for E → 0 is included in the above argument together with Eqs. (2.5) and
(2.6).
The fact that H is constant in both cases leads to the following generalized form of the Falkner–Skan equation:
H f ′′′ + f f ′′ + 2m
m + 1 [1− ( f
′)2] = 0 (2.8)
subject to the following boundary conditions:
f (0) = fω, f ′(0) = 0, f ′(∞) = 1 (2.9)
where H is constant.
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The generalized Falkner–Skan equation can be reduced to the classical Falkner–Skan by introducing the
transformation
f (η) = √HF(ξ), where ξ = η√
H
. (2.10)
Eq. (2.10) leads to the following:
f ′(η) = F ′(ξ), f ′′(η) = F
′′(ξ)√
H
, f ′′′(η) = F
′′′(ξ)
H
(2.11)
and consequently we have the following conditions:
F(0) = f (0) = fω√
H
, F ′(0) = f ′(0) = 0, F ′(∞) = f ′(∞) = 1. (2.12)
Substituting Eqs. (2.10)–(2.12) into Eq. (2.8) and letting α = 2mm+1 we arrive at the following:
F ′′′(ξ)+ F(ξ)F ′′(ξ)+ α[1− (F ′(ξ))2] = 0, (2.13)
subject to the boundary conditions
F(0) = fω√
H
, F ′(0) = 0, F ′(∞) = 1. (2.14)
The condition F ′(∞) = 1 is usually transformed to the following condition:
F ′(ξ∞) = 1, at ξ = ξ∞ (2.15)
for sufficiently large ξ∞, which is usually determined from the physical solution. Note that ξ∞ is the length of the
boundary layer.
Next, we will utilize the following transformation to convert our infinite interval to a finite one, which will enable
us to apply the numerical technique which will be introduced in the next section:
G(µ) = F(ξ)
ξ∞
, where µ = ξ
ξ∞
. (2.16)
Eq. (2.16) leads to the following:
F ′(ξ) = G ′(µ), F ′′(ξ) = G
′′(µ)
ξ∞
, F ′′′(ξ) = G
′′′(µ)
ξ2∞
(2.17)
and consequently we have the following conditions:
G(0) = F(0)
ξ∞
= fω
ξ∞
√
H
, G ′(0) = F ′(0) = 0, G ′(1) = 1. (2.18)
Substituting Eqs. (2.16)–(2.18) into Eq. (2.13) we arrive at the following:
G ′′′(µ)+ ξ2∞G(µ)G ′′(µ)+ ξ2∞α[1− (G ′(µ))2] = 0, (2.19)
subject to the boundary conditions
G(0) = fω
ξ∞
√
H
, G ′(0) = 0, G ′(1) = 1. (2.20)
3. Numerical solutions
In this section, an efficient decomposition algorithm is employed for the numerical solution of Eq. (2.20). The
scheme yields accurate results and converges fast using only a few terms of the infinite series solution. In particular,
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we obtain an approximation of the quantity G ′′(0) which has physical meaning and importance. For instance, for a
porous medium the value of G ′′(0) for certain values of α and ξ2∞ represents the reduced wall heat flux while for a
stretched wall it corresponds to the skin friction of the wall.
Here we employ the decomposition method to obtain an approximation of Eq. (2.19) and consequently the quantity
G ′′(0). First, rewrite Eq. (2.19) as follows:
G ′′′(µ) = −ξ2∞G(µ)G ′′(µ)− ξ2∞α[1− (G ′(µ))2], (3.21)
and then define the linear differential operator
L[G] = G ′′′(µ). (3.22)
Using this operator, Eq. (3.21) will reduce to the following:
L[G] = −ξ2∞G(µ)G ′′(µ)− ξ2∞α[1− (G ′(µ))2]. (3.23)
Applying the inverse operator of L defined by
L−1[.] =
∫ µ
0
∫ µ
0
∫ µ
0
dxdydz, (3.24)
to both sides of Eq. (3.23) leads to
G(µ) = G(0)+ G ′(0)µ+ G ′′(0)µ
2
2
− ξ2∞L−1
[
G(µ)G ′′(µ)
]+ ξ2∞αL−1 [(G ′(µ))2]− ξ2∞αµ36 . (3.25)
We will seek a solution to (3.25) of the form
G(µ) =
∞∑
i=0
Gi (µ) = G0(µ)+ G1(µ)+ G2(µ)+ · · · . (3.26)
Substituting this solution into both sides of the differential equation (3.25), we obtain
G0(µ)+ G1(µ)+ G2(µ)+ · · · = G(0)+ G ′(0)µ+ G ′′(0)µ
2
2
− ξ2∞α
µ3
6
− ξ2∞ L−1[G0G ′′0 + (G0G ′′1 + G1G ′′0)+ (G0G ′′2 + G1G ′′1 + G2G ′′0)
+ (G0G ′′3 + G1G ′′2 + G2G ′′1 + G3G ′′0)+ · · ·] + ξ2∞αL−1[G ′20
+ 2G ′0G ′1 + (2G ′0G ′2 + G ′21 )+ (2G ′0G ′3 + 2G ′1G ′2)+ · · ·]. (3.27)
By matching the two sides of Eq. (3.27), we construct an algorithm which is based on the following iterative process:
G0(µ) = G(0)+ G ′(0)µ+ G ′′(0)µ
2
2
− ξ2∞α
µ3
6
, (3.28)
G1(µ) = −ξ2∞L−1[G0(µ)G ′′0(µ)] + ξ2∞αL−1[(G ′0(µ))2], (3.29)
G2(µ) = −ξ2∞L−1[G0(µ)G ′′1(µ)+ G1(µ)G ′′0(µ)] + ξ2∞αL−1[2G ′0(µ)G ′1(µ)], (3.30)
G3(µ) = −ξ2∞L−1[G0(µ)G ′′2(µ)+ G1(µ)G ′′1(µ)+ G2(µ)G ′′0(µ)]
+ ξ2∞αL−1[2G ′0(µ)G ′2(µ)+ G ′21 (µ)]. (3.31)
In general, the n-th term Gn(µ) is obtained by collecting all the Gi ,G ′i , and G ′′i terms whose subscripts add up to n−1.
It is important to mention that the initial condition G ′′(0) in Eq. (3.28) is not specified in the problem formulation.
However, it can be estimated by substituting the boundary condition G ′(1) = 1 in the general solution (3.26) and then
solving the resulting equation for G ′′(0).
Table 1 shows numerical values for G ′′(0) for different values of ξ∞, α, and G(0). Notice that G(0) = fω
ξ∞
√
H
assumes small values when taking sufficiently large values for the length of the boundary layer ξ∞. Moreover, G(0)
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Table 1
Numerical results for G′′(0) obtained using four terms of the decomposition
G(0) ξ∞ α G′′(0)
0 2 0.5 1.910152880
0 4 0.5 3.452202391
0 6 0.5 5.469609324
0.05 2 0.25 1.698115783
0.02 4 0.5 3.431547475
0.01 2 0.5 1.597446553
−0.5 2 0.25 0.708267207
−0.25 4 0.5 1.965660199
−0.15 4 0.25 1.522188630
can be either positive or negative depending on fω: whether it corresponds to suction or blowing/injection. The
parameter α = 2mm+1 < 1 for any arbitrary nonnegative value of m. Observe that the streamwise coordinate exponent
of the inviscid velocity, m, does not have to be 13 and can assume any nonnegative value.
Our calculations indicate that the closer α is to 0, the faster the scheme converges and the larger the convergence
region of G ′′(0) becomes.
It is worth mentioning that the asymptotic behavior of the solution G(µ) for a large value of the length of the
boundary layer ξ∞ can be examined using the perturbation method. More specifically, assume we seek an infinite
series solution represented by
G = G0 + G1ξ−1∞ + G2ξ−2∞ + G3ξ−3∞ + · · · . (3.32)
Then the functions G0,G1,G2, . . . are determined by substituting Eq. (3.32) into both the differential equation (2.19)
and the boundary conditions (2.20) and then matching the two sides. This results in the following equations:
G0G ′′0 − αG ′20 + α = 0
G0(0) = 0, G ′0(0) = 0, G0(1) = 0
(3.33)
G0G ′′1 + G1G ′′0 − 2αG ′0G ′1 = 0
G1(0) = fω
ξ∞
√
H
, G ′1(0) = 0, G1(1) =
1√
H
(3.34)
G ′′′0 + G0G ′′2 + G1G ′′1 + G2G ′′0 = G ′0G ′2 + G ′21 − G ′2G ′0
G2(0) = 0, G ′2(0) = 0, G2(1) = 0.
(3.35)
The functions G0,G1,G2, . . . satisfying equations (3.33)–(3.35) can be determined by taking advantage of numerical
techniques such as the Keller–Box method.
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